This paper is addressed to a stabilization problem of a system coupled by a wave and a Euler-Bernoulli plate equation. Only one equation is supposed to be damped with a damping function d(·). Under some assumption about the damping and the coupling terms, it is shown that sufficiently smooth solutions of the system decay logarithmically at infinity without any geometric conditions on the effective damping domain. The proofs of these decay results rely on the interpolation inequalities for the coupled elliptic-parabolic systems and make use of the estimate of the resolvent operator for the coupled system. The main tools to derive the desired interpolation inequalities are global Carleman estimates.
Introduction
Let Ω be a bounded domain in lR n (n ∈ lN) with the C 4 boundary Γ. Consider the following weakly coupled wave-plate system: When d = 0, the system (1.1) is a classical model to describe the propagation of waves in elastic solids (e.g. [1, 22] ). In recent years, the model in which d = 0 attracts lots of 1 attentions due to the study of the plastic composite materials. These materials are widely used in industry, such as aerocraft, ships, submarines and automobiles. Light weight is one of the main advantage of them. However, light weight could lead the structural elements of the composite to subject to unnecessary vibrations. Then it is important to add some damping on the system to attenuate unnecessary vibrations in the design of composite dynamic structures(e.g. [2, 32] ). In (1.1), if α = 1, then the term "d(x)y t " is an damping acted on the wave which is used to stabilize the wave directly and the plate indirectly. On the other hand, if α = 0, then "d(x)z t " is an damping acted on the plate which is used to stabilize the plate directly and the wave indirectly.
The stabilization of both wave and plate equations are studied extensively in the literature (see [9, 12, 17, 25, 26, 28, 29, 34] and the rich references therein). Generally speaking, there are three types of decays for the energy of damped systems, that is, exponential decay, polynomial decay and logarithmic decay. To obtain the first two decays, one needs restrictive conditions on the support of the damping. For example, to get the exponential decay of the energy of wave equations, one needs the set ω △ = {x ∈ Ω : d(x) ≥ d 0 for some d 0 > 0} fulfills the geometric control condition (e.g. [9] ). To get the polynomial decay, one needs Ω and ω fulfills some special geometric condition (see [12, 14, 29] for example). Similar things happen for plate equations (e.g. [8, 13, 23] ).
When Ω and ω does not fulfill any special condition, people find that the energies of both wave and plate equations satisfy logarithmic decay(e.g. [25, 26] ). In this paper, we show such decay also holds for (1.1).
There exist many results on the stabilization of coupled systems in the literature (see [3, 4, 5, 7, 6, 31, 33] and the rich references therein). Particularly, in [5] , the author obtained the polynomial decay of the system (1.1) with a constant coupling parameter and a damping which is effective on the whole boundary. As far as we know, there is no reference addressing the asymptotic behavior of the system (1.1) (with only one damping but without geometric assumptions on the effective damping domain).
In this paper, we will show the logarithmic decay property for solutions of the system (1.1). According to a well known result of Burq (see [11, Theorem 3] ), to obtain the logarithmic decay rate, it suffices to show some high-frequency estimates with exponential loss on the resolvent. Thus, the main difficulty is the estimate of the resolvent operators, which will be solved by using some Carleman inequalities. To this end, we borrow some idea in [20] . However, there are some new essential difficulties. Indeed, to get the energy decay for a system coupled by two wave equations, one should establish an interpolation inequality for a system coupled by two elliptic equations. In our case, we have to get two interpolation inequalities for a system coupled by one elliptic and two parabolic equations. One cannot simply mimic the techniques in [20] to obtain our result. Please see Section 4 for more details.
The rest of this paper is organized as follows: In Section 2, we give the main results in this paper. Section 3 is devoted to establish Carleman estimates for some second order partial differential operators. Section 4 is addressed to proving some interpolation inequalities by those Carleman estimates. At last, in Section 5, we prove our main results. 2 
Statement of the main results
Throughout this paper, we always assume that c(·) and d(·) are bounded real valued nonnegative functions satisfying In what follows, we will use C = C(Ω, ω c , ω d ) to denote generic positive constants which may vary from line to line.
Let
It is easy to show that A generates a C 0 -semigroup {e tA } t≥0 on H. Therefore, system (1.1) is well-posed. The energy of a solution (y, z) to the system (1.1) at time t is given by: 
Remark 2.4 In this paper, we assume that ω c ∩ ω d = ∅. It would be quite interesting to consider the case that ω c ∩ ω d = ∅. As far as we know, this is an unsolved problem.
Carleman estimates for the elliptic and parabolic operators
In this section, we establish Carleman estimates for elliptic operator ∂ ss + ∆, and parabolic operators ∂ t + ∆ and ∂ s − ∆, respectively. To begin with, we assume that ω k (k = 0, 1, 2, 3, 4) are subdomains of Ω such that
Recall that there exists a functionψ ∈ C 2 (Ω) such that (see [21] for example)ψ
With the aid of the functionψ defined above, we introduce weight functions as follows:
Here 1 < b ≤ 2 will be given later, λ, µ, s ∈ lR are parameters and x ∈ Ω. We first recall the following known global Carleman estimate for elliptic equations.
Proof. Taking α = γ ∈ lR, β = 0, m = n and (a jk ) n×n = I n (the unit matrix) in [18, Theorem 2.1] with t replaced by s, in this case Pq = γq s + ∆q. Noting that Ψ = −2∆ℓ and
we immediately get the desired result. 
Then, there is a constant µ 1 > 0 such that for all µ ≥ µ 1 , one can find two constants C = C(µ) > 0 and
, and for all λ ≥ λ 1 , it holds that
Proof. We divide the proof into several steps.
Step 1. By (3.6), a short calculation shows that
Next, by (3.2), (3.6) and (3.8), we obtain that
Recalling (3.9) for the definition of B, it follows from (3.12) that
Combining (3.11) and (3.13), we find that
Integrating inequality (3.7) on (−b, b) × Ω, using integration by parts, noting that v x j = ∂v ∂ν ν j on Σ (which follows from v| Σ = 0), v(−b) = v(b) = 0 and by (3.1) and (3.14), we have that
where we use the following fact
On the other hand, by (3.1) and (3.2), it is easy to see that
Combining (3.15)-(3.16), noting that v = θq, we get that
Taking µ 1
Step 2. Let us estimate "
By (3.6) and (3.1), a short calculation shows that
Combining (3.20) and (3.19), we end up with
Finally, Combing (3.19) and (3.21), by Lemma 3.2, taking λ 1 = max{λ 0 , λ 2 }, we get the desired estimate in Lemma 3.4 immediately.
Two interpolation inequalities for the weakly coupled elliptic-parabolic system
In this section we shall prove two interpolation inequalities for the following weakly coupled elliptic-parabolic system:
(4.1)
In what follows, we will use the
We have the following interpolation inequalities for system (4.1). 
Theorem
Proof of Theorem 4.1. The proof is based on the global Carleman estimates presented in Lemma 3.1 and Lemma 3.4. In case of α = 1, the damping we imposed related to d(x)p s , in this situation, the main difficulty is to estimate the energy of the coupled system (p, w, q)
The proof is long, hence we divide it into several steps.
Step 1. Note that there is no boundary conditions for p, w and q at s = ±2 in system (4.1). Therefore, we need to introduce a cut-off function
where 1 < b 0 < b ≤ 2 are given as follows:
Then, noting that ϕ does not depend on x, by (4.1), it follows
where
(4.8)
For system (4.7), by using Lemmas 3.1 and 3.4, noting that α = 1, we conclude that there is a µ 1 > 0 such that for all µ ≥ µ 1 , one can find two constants C = C(µ) > 0 and λ 1 = λ 1 (µ) so that for all λ ≥ λ 1 , it holds that
(4.9)
Recall that η 2 ∈ C ∞ 0 (ω 2 ) satisfying η 2 = 1 in ω 1 . By (4.7) and (4.8), we have 
However, by Lemma 3.2, it is easy to check that
(4.18) By (4.16)-(4.18), for fixed µ, we conclude that there is a λ 4 > 0 such that for all λ ≥ λ 4 , one can find two constants C = C(µ) > 0 and λ 4 = λ 4 (µ) so that for all λ ≥ λ 3 , it holds that (λµ) .4), noting thatp = ϕp,ŵ = ϕw,q = ϕq, by (4.8) and noting that α = 1, taking λ * = max{λ j , j = 0, 1, 2, 3, 4}, for any λ ≥ λ * , we have
(4.21)
Step 4. Recalling (3.2) and (4.5) for the definitions of φ and b, b 0 , respectively, it is easy to check that φ(s, ·) ≥ 2 + e µ , for any s satisfying |s| ≤ 1,
Finally, denote c 0 = 2 + e µ > 1. Fixing the parameter µ in (4.9), and using (4.22), one finds that
From (4.23), one concludes that there exists an ε 2 > 0 such that the desired inequality (4.2) holds for ε ∈ (0, ε 2 ], which, in turn, implies that it holds for any ε > 0. This completes the proofs of Theorem 4.1.
Proof of Theorem 4.2. In case of α = 0, the damping we imposed related to d(x)q s , in this situation, we will estimate the energy of the coupled system (p, w, q) only localized in
We divide the proof into several steps.
Step 1. Recall η 2 ∈ C ∞ 0 (ω 2 ) such that η 2 = 1 in ω 1 . Multiplying the first equation of (4.7) by θ 2 φη 2 2p , integrating it on (−b, b) × Ω, using integration by parts, noting that p(−b) =p(b) = 0 in Ω and α = 0, by a simple calculation, we conclude that
Therefore, by (4.9) and (4.24), we conclude that there is a µ 1 > 0 such that for all µ ≥ µ 1 , one can find two constants C = C(µ) > 0 and λ 1 = λ 1 (µ) so that for all λ ≥ λ 1 , it holds that
(4.25)
, we have
However, 
Proceeding exactly as (4.24), we have Combining (4.28) and (4.29), for fixed µ, there is a λ 5 > 0 such that for any λ ≥ λ 5 , the following holds:
(4.30)
Step 3. By using Lemma (3.2) and proceeding similarly analysis as (4.13), we have
Finally, by (4.25), (4.10) and (4.28), noting thatp = ϕp,ŵ = ϕw,q = ϕq, by (4.8), taking λ * = max{λ 1 , λ 5 }, for any λ ≥ λ * , we obtain that 
Proof of the main results
In this section, we shall give the proof of logarithmic decay results. Recall 
Assume that for some D > 0, O D is included in R(A), and that in O D there is a positive constant C such that
Then for all k there exists C k such that
Therefore, once we prove the existence and the estimate of the norm of the resolvent (A − λI) −1 when Re λ ∈ − e −C|Im λ| /C, 0 , stated in Theorem 2.2, by virtue of Lemma 5.1, we can get Theorem 2.1, immediately.
Proof of Theorem 2.2. We divide the proof into two steps.
Step
It is easy to see that the following equation
is equivalent to
By (5.2), we conclude that
It is easy check that p and q satisfy the following equation:
Further, we set w = q s − ∆q. (5.6) Then, clearly, p, q and w satisfy the following equation:
Step 2. By (5.4), we have the following estimates.
Now, in case of α = 1, applying Theorem 4.1 to equation (5.5), and combining (5.8), we get that
In case of α = 0, applying Theorem 4.2 to equation (5.5), and combining (5.8), we obtain that 
